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Abstract. Nongeometric wave arrivals are often important in seismology and elastic wave studies related to the
nondestructive evaluation of structures. In particular, tunnelling signals caused by significant differences in the
material parameters, and wavespeeds at interfaces, generate large responses that may often be dominant. This is
common in elastic wave propagation, for instance, when a source is close to the interface of a faster medium
with a slower medium, the response in the slower medium is dominated by a signal that hastunnelledthrough
the faster medium. Other instances of tunnelling occur when a compressional source is close to a free surface. In
this case the compressional to shear wave conversion at the surface, and the mismatch between compressional and
shear wavespeeds, leads to a sharp nongeometric shear wave arrival. Equally, thin high velocity layers demonstrate
tunnelling effects that are perturbations of the response brought about by a source in a surrounding slower medium.
In the abovecloserefers to the viewpoint of an observer some distance away. In all of the instances there is a
common feature, namely, each problem contains a ratio of length scales,x/h, with h either the source depth or
layer thickness andx the observer distance; this ratio of length scales characterises the nongeometric responses.
Typically, the nongeometric response arises when the current problem is a perturbation away from one where the
associated arrival has a direct geometric interpretation.

Such problems are ideally suited to analysis by the Cagniard-de Hoop technique. Each tunnelling response
is identified as a perturbation away from an exact solution; this leads to highly accurate and relatively simple
explicit asymptotic solutions. The perturbation scheme is demonstrated here via the solution of two problems: a
compressional source beneath a fluid-solid interface and beneath a thin high velocity layer. The first problem has
separate nongeometric responses due to both the material mismatch and the wave conversion at the interface. The
thin high velocity layer perturbs the field generated by a compressional source in a slower surrounding medium.
In both cases the nongeometric arrivals are analysed in detail.

Key words: elastic waves, tunnelling, interface, layer.

1. Introduction

The Cagniard-de Hoop technique, Cagniard [1], de Hoop [2], provides an excellent method
for solving and investigating various elastic wave interaction problems. Indeed, many model
problems can be analysed in detail, and both the physical structure and the importance of
the responses determined. In particular, the interactions between source excitations, interfaces
and layers are revealed, and explicit solutions found; this, together with a useful asymptotic
scheme, is the aim of the current paper.

In seismology and seismic exploration many cases exist where tunnelling is important; this
contribution is sometimes overlooked. One major area where this response is relevant is in oil
exploration where shallow explosive sources generate these signals due to mode conversion
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at the free surface. The responses may also be evident in acoustic microscopy when dealing
with scattering by shallow sub-surface cracks.

The method itself is discussed in considerable detail by Aki and Richards [3], Miklowitz
[4], and others. In essence, the solution is given in terms of a path (or several paths)ζ(x, y, t)

that, in general, depends on a parameter,h, that is either the source depth, or the layer thick-
ness. Using a particular time dependence the Cagniard–de Hoop method consists of an elegant
transformation that reduces a double transform inversion to an explicit result; more general
time dependence is then easily incorporated using convolution theorems.

In brief, we utilise Fourier and Laplace transforms in space and time respectively: the
Laplace transform in timet , and its inverse, are defined as

f (p) =
∫ ∞

0
f (t)e−ptdt, f (t) = 1

2π i

∫ c+i∞

c−i∞
f (p)eptdp, for Re(c) > 0 (1.1)

wherep is the Laplace transform variable, and the Fourier transform inx, and its inverse, are
defined as

f̃ (ξ ) =
∫ ∞
−∞

f (x)eiξxdx, f (x) = 1

2π

∫
C

f̃ (ξ)e−iξxdξ, (1.2)

whereξ is the Fourier transform variable. The inversion pathC runs along the real axis from
−∞ to∞. Using transformations of the governing equations, to be discussed in Section 2,
and a rescaling of the transform variable, typicallyξ = pζ , we obtain

f (x, y, t) = 1

2π i

∫ c+i∞

c−i∞
1

2π

∫ ∞
−∞

g(ζ )e−pz(ζ )dζeptdp. (1.3)

Both the functionsg(ζ ) andz(ζ ) are usually rather complicated, containing branch points and
poles. Typically, as in the case we consider in Section 2, the functionz(ζ ) takes the form

z(ζ ) = γd(ζ )h+ γs(ζ )y + iζx. (1.4)

The functionsγq that appear are defined asγd(ζ ) = (ζ 2+ 1)1/2, γs(ζ ) = (ζ 2+ k2)1/2, where
the branch cuts are taken running along the imaginary axes from±i to ±i∞ and±ik to±i∞
respectively. The Cagniard-de Hoop technique now involves defining a Fourier inversion path
ζ(x, y, t) such that it is the solution of the transcendental equationz(ζ ) = t , namely

t = γd(ζ )h+ γs(ζ )y + iζx, (1.5)

with t > tcritical say. Once such a path is found the double transform above becomes the inverse
Laplace transform of a Laplace transform, thus the explicit answer is clear by inspection.

In simple cases when, sayh = 0, Equation (1.5) is solvable explicitly and this then yields
much useful information. In particular we can study the wavefront arrivals and their asymp-
totic forms explicitly. These can then be used in conjunction with a convolution theorem to
generate fast and accurate artificial seismograms.

The limit as the ratioh/x → 0 is of interest in many applications. This perturbation away
from h = 0 smooths out the sharp wavefront arrivals that were, whenh = 0, associated with
saddle points in the transform domain, or equivalently specific points on the Cagniard paths
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where the path left the branch cuts. Once the parameterh is nonzero the analysis becomes
more difficult since the pathζ(t) must now be found numerically. A quartic equation may
be formulated and solved explicitly see Williams [5], however in the limit ash → 0 this is
not particularly revealing. In this case we expect the asymptotics of the wavefronts to be less
obvious; this occurs for many model problems. For instance the path in (1.5) is required if we
are interested in studying theS? arrival, Hron and Mikhailenko [6], that has been given much
attention and which we describe in Section 2. In the limit as the source tends to the interface,
h→ 0, the Cagniard path has a noticeable sharp bend; this has been noticed before by Hron
and Mikhailenko [6]. This dramatic bend occurs near to the point at which the path would
have left the branch cuts whenh = 0, thus it is natural to investigate perturbing away from
theh = 0 solutions.

In the case of a thin fast fluid layer sandwiched between larger fluid layers, Mellman and
Helmberger [7] also noticed a sharp bend in one of the Cagniard paths for a generalised ray
and drew attention to the connection with the non-geometric transmitted wavefront. Later
Drijkoningen and Chapman [8] and Drijkoningen [9] suggested that this bend in the Cagniard
path was generic for many wave arrivals of this type, and that the Cagniard technique was the
natural way to study these phenomena. The problems treated in Drijkoningen and Chapman
[8] concentrate upon fluid half spaces for which the Cagniard paths are known explicitly,
the current paper is an extension of this approach in that the elastic counterparts are treated.
More generally the perturbation scheme we use easily leads to asymptotic results in the more
complicated cases when the Cagniard path must be found numerically.

One detail that appears to have been overlooked, but is rather useful, is that in the limit
as the ratioh/x tends to zero we can use the explicit path found whenh = 0 to generate an
accurate asymptotic representation forζ(t) outside some close neighbourhood ofts?, that we
discuss and determine in Section 2. In itself this is already faster than findingζ(t) numerically
but crucially any further manipulations are much less time-consuming, particularly if we then
wish to look at quite general time dependent sources, or consider extensions to three dimen-
sions. It also indicates that the approach might be equally rewarding in anisotropic media.
More importantly it also allows a thorough asymptotic analysis of the underlying physical
problems to be examined.

In this paper we consider a compressional source beneath a fluid-solid interface. This
problem illustrates tunnelling effects within aslow material (the fluid) due to a source in
a fast material, and also tunnelling in thefast material due to the coupling between afast
compressional wave and aslowshear wave.

To demonstrate the wider applicability of the approach used here we also consider a thin
fast layer and use generalised ray theory to analyse this in detail. In this case we pick out the
paths relating to the non-geometric arrivals, and these are then treated using the asymptotic
approach.

Several alternative approaches to similar problems have been considered in the literature,
but the explicit effect of the non-geometric waves is often hard to extract. Treating time har-
monic dependence, several authors have identified high frequency, far field responses, see for
instance Abramoviciet al. [10], Gutowskiet al. [11], Daley and Hron [12]; the analysis then
involves steepest descents and follows, say, Brekhovskikh [13]; the equivalent responses are
evanescent waves. Complex ray theory could also be employed since the arrivals have com-
plex phase, see for instance Einziger and Felsen [14], Babich and Kiselev [15], or numerical
modelling, see for instance Hron and Mikhailenko [6], Stephen and Bolmer [16]. However,
the Cagniard-de Hoop approach is very direct, particularly revealing, and explicit solutions
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in all space and time are deduced; the time harmonic results, if required, are then a subset of
these solutions.

2. A compressional source beneath a fluid-solid interface

In this section we solve the problem of a compressional source beneath a fluid-solid interface.
We demonstrate that, in the limit as the ratioh/x → 0, a definite response occurs in the
solid associated with the prominentS? arrival. TheS? response is a non-geometric arrival that
is formed by the reflected shear wave at the interface. Moreover, we identify the part of the
Cagniard path that contributes to this response, namely the bend in the path that is close to the
branch cuts. In order to appreciate the characteristics of the pseudo-shear wave a wavefront
expansion is deduced using a perturbation of the Cagniard path that may be found explicitly
when the source depthh = 0. This approach will open the way to considering a wide range
of problems that contain a characteristic length scaleh that effects non-geometric responses.
In the next section we consider a thin fast layer; this configuration often occurs in model
problems. The non-geometric response in the fluid is not treated here.

The fluid-solid configuration to be considered is shown in Figures 1 and 2 with they-axis
pointing downwards. The depth,h, of the line compressional source is not shown; it is taken
to be 0< h/x � 1. In addition a schematic of the primary geometric wavefronts generated
in each case,h/x → 0 andh = 0, is shown in Figure 1 and Figure 2 respectively. Here the
situationh = 0 is non-physical for the compressional source loading as it does not satisfy
the interfacial conditions correctly. Nevertheless, the physical effects are relevant when this
problem is perturbed; we are interested in this limiting case.

Figure 1. A schematic showing the radiated wave-
fronts for the waves generated by a line compres-
sional source in the limit as the ratioh/x → 0.

Figure 2. A schematic showing the radiated wave-
fronts for the waves generated by a line force at a
fluid-solid interface;h = 0.

The notation that appears in the two schematics has been adopted from geometrical ray
theory. The lettersPP , PS, andPF are used to denote the compressional and shear waves in
the solid, and the compressional wave in the fluid, generated by the direct compressional field
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from the source respectively. In the caseh = 0 both thePS andPF responses take the shape
of head waves.

The starred lettersF?, S?, andSF ? are used to denote the compressional wave in the
fluid, the shear wave in the solid, and the head wave in the fluid generated by the shear
wave respectively, in Figure 1. That is, these are the waves generated by interaction with the
interface. These waves are the precursors to the unstarred field in Figure 2, and are investigated
in the current paper. Ash is sufficiently increased the starred fields loose their prominence.
In addition, the figures omit the wavefronts due to the interfacial Schölte wave and, for light
fluid loading, the leaky Rayleigh wave, and the direct compressional wave from the source.

The configuration consists of an isotropic linear elastic material iny > 0 and a compress-
ible fluid in y < 0. The responses of the two half spaces are coupled together through the
continuity boundary conditions along the interfacey = 0, these are discussed following (2.1).
A Cartesian coordinate system is adopted withx1, x2 corresponding tox, y.

In the usual way, the elastic material has Lamé constantsλ, µ, and densityρ. The stresses
σij in the material are related to the displacementsui via σij = λεkkδij + 2µεij where
εij = 1/2(ui,j + uj,i), the comma denoting differentiation with respect toxi . The governing
equations in the elastic material are the equilibrium equationsσij,j = ρüi , where the notation
¨ denotes double differentiation with respect to time.

The compressible fluid iny < 0 is effectively an elastic material that supports no shear
stresses. Thusσij = λf εkkδij , where the fluid has densityρf and compressional modulusλf .
The governing equations areσij,j = ρf üi again.

We utilise the displacement potentialsφ, ψ , andχ where the displacements areu =
∇φ + ∇ × ψẑ (whereẑ is the unit vector in thez direction) iny > 0 andu = ∇χ in y < 0.
The displacement potentialsφ andψ are related to the compressional and shear disturbances
respectively, thus we utilise these when generating compressional sources. The following
wave speedscd , cs , andco are defined in terms of the material parameters asc2

d = (λ+2µ)/ρ,
c2
s = µ/ρ, andc2

o = λf /ρf .
The assumption that the compressional wavespeed of the fluid is less than the shear

wavespeed of the solid is taken so thatcd > cs > co; this is a reasonable assumption for most
solid and fluid combinations. The analysis presented here does not rely on this assumption,
and is easily generalised to allowcd > co > cs, say, which would be typical of perspex-water
combinations. A coupling parameterε occurs in the analysis; it is defined asε = ρf co/ρcd ,
and gives a measure of the fluid-solid coupling. The light fluid loading limit is whenε � 1;
this specific limit is not taken here unless explicitly stated.

The continuity boundary conditions

[σyy(x,0, t)] = 0, σxy = 0, [uy(x,0, t)] = 0 (2.1)

are taken on the interfacey = 0, where the braces [ ] denote the jump in a quantity across
the interface; both the stressesσyy and the normal displacementuy are continuous across
y = 0. The fluid supports no shear stresses, thusσxy = 0 on y = 0. The total field in the
solid consists of the superposition of two fields. The first is the solution to the source problem
∇2φ − φ̈/c2

d = F(t)δ(x)δ(y − h), in an infinite elastic material, whereF(t) gives the time
dependence of the source andδ( ) denotes the delta function. The second field is the response
generated by the interfacial boundary conditions; all figures show this second field.

The analysis is performed using the Fourier and Laplace transforms defined by Equations
(1.1) and (1.2) respectively. The representations for the Fourier and Laplace transformed
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stresses and displacements are given in Appendix A of Craster [17]; they are not repeated
here.

The plan of this section is that we solve the source problems exactly, both for displacements
and stresses; the asymptotic analysis is then developed as in Williams [5]. In this paper we con-
centrate solely upon the asymptotics associated with the non-geometric effect; the asymptotics
for the other responses are shown in the figures, but the expressions are not given explicitly
here. We concentrate upon theS? response in the solid; theF? response in the fluid is treated
more briefly in Williams [5].

2.1. EXACT SOLUTION

Using the appropriate integral representations the solutions are derived. In the solid the Laplace
transform of the normal displacement is

uy(x, y, p) = − 1

2π

∫ ∞
−∞

1

2cd

pF(p)s(ζ )

S(ζ )
e−p(γd (ζ )(h+y)+iζx)/cddζ

+ 1

2π

∫ ∞
−∞

2

cd

pF(p)ζ 2(2ζ 2+ k2)

S(ζ )
e−p(γd(ζ )h+γs(ζ )y+iζx)/cddζ, (2.2)

whereF(p) is the Laplace transform ofF(t) given by (1.2). The stressσyy in the solid is
given by a similar Laplace transform

σyy(x, y, p) = 1

2π

∫ ∞
−∞

µ

2c2
d

p2F(p)s(ζ )(2ζ 2+ k2)

γd(ζ )S(ζ )
e−p(γd (ζ )(h+y)+iζx)/cddζ

− 1

2π

∫ ∞
−∞

4µ

c2
d

p2F(p)ζ 2(2ζ 2+ k2)γs(ζ )

S(ζ )
e−p(γd(ζ )h+γs(ζ )y+iζx)/cddζ . (2.3)

The plan is to discuss the response due to the normal displacement and identify asymptotic
representations with particular attention to the non-geometric wavefrontS?. The pressure in
the fluid and stresses can then be similarly treated, but for brevity we exclude them here.

The Schölte functionS(ζ ) appears in both formulae, and is vital to the analysis; it is defined
asS(ζ ) = R(ζ ) + εk4k′(ζ 2 + 1)1/2/(ζ 2 + k′2)1/2. In this formulak andk′ are defined to be
the ratioscd/cs and cd/co respectively. The Schölte function contains six branch points at
±i,±ik,±ik′, and either two or four zeros depending upon the precise choice of branch cuts.
If ε = 0, that is, if the fluid is decoupled from the solid, the Schölte function is truncated to
the functionR(ζ ). This is the standard Rayleigh function,R(ζ ) = (2ζ 2 + k2)2 − 4ζ 2(ζ 2 +
1)1/2(ζ 2+ k2)1/2; this function has four branch points at±i,±ik, and two zeros at±ikr where
kr = cd/cr andcr is the Rayleigh wavespeed (k < kr < k′). The complement functions(ζ )
defined ass(ζ ) = r(ζ )−εk4k′(ζ 2+1)1/2/(ζ 2+k′2)1/2, wherer(ζ ) = (2ζ 2+k2)2+4ζ 2(ζ 2+
1)1/2(ζ 2+ k2)1/2, is also required.

The functionsγd(ζ ) that occur are defined asγq(ζ ) = (ζ 2 + k2
q)

1/2, with q = d, s, o;
kd = 1, ks = k, ko = k′. Here the choice of branch cuts for the functionsγq(ζ ) in the complex
ζ -plane is taken such that they run from±ikq to ±i∞ along the imaginary axis. With this
choice of branch cuts the zeros of the Schölte function corresponding to leaky Rayleigh waves
in the physical domain then occur on the lower Riemann sheet, and play no explicit role in the
exact solution. Given the choice of branch cuts above, the Schölte function has only two zeros
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at±iksch whereksch= cd/csch andcsch is the Schölte wavespeed (ksch> k′). This wavespeed
is not related to the Rayleigh wavespeed, indeed forε � 1 it is marginally less than the
compressional wavespeed of the fluid in this limit. The followingmigratorybehaviour of the
zeros ofs(ζ ) from the imaginary axis, Roeveret al. [18], is important. For low values of
the Poisson’s ratio both zeros ofs(ζ ) lie on the imaginary axis, the second zero lies close
to the branch point at−i. As the Poisson’s ratio is increased the zeros approach each other,
intersect, and, typically at 0·28< ν < 0·3, migrate from imaginary axis and form conjugate
pairs. Typical results are that, for aluminium-water,±ikp = ∓0·15979± i1·01638, and for
sandstone-water,±ikp = ±i0·99912,±i0·638995.

The loadingF(t) = H(t), whereH(t) is the Heaviside step function, now reduces the
integral equations to the form (1.3). This case is now considered in detail for the displacements
for convenience, and is denoted byuHy (x, y, t). To incorporate more general loadings,F(t),
we may utilise the following convolution theorem,

uy(x, y, t) =
∫ t

0
F ′(t − τ)uHy (x, y, τ)dτ (2.4)

providedF(0) = 0.
The explicit solution is found using the Cagniard-de Hoop method, see for instance Mik-

lowitz [4]. The displacement has been written above, in Equation (2.2), as the sum of two
integrals, that is, in the form

∫
g1(ζ )e−pz1(ζ )dζ +

∫
g2(ζ )e−pz2(ζ )dζ where the two functions

z1 andz2 differ only by the function multiplyingy. Two inversion contours are chosen so that
z1(ζ ) = t andz2(ζ ) = t , namely,

cd t = (ζ (P )2 + 1)1/2(h+ y)+ iζ (P )x and (2.5)

cd t = (ζ (S)2 + 1)1/2h+ (ζ (S)2 + k2)1/2y + iζ (S)x, (2.6)

These contours are used in turn in the integrals appearing in (2.2,2.3) to place each integral in
the form of a Laplace transform. This amounts to a transformation of the Fourier integration
path. As we ultimately require the inverse Laplace transform of this integral, our solution
in real time is found immediately by inspection. The superscripts(P ) and (S) relate to the
compressional and shear disturbances respectively.

For the response in the solid the first Cagniard path (2.5),ζ (P )(x, y, t), is found explicitly.
The integration path is given by

ζ (P )(t) = −i
cd t

r
sinθ +

((
cdt

r

)2

− 1

)1/2

cosθ, for tpp 6 t <∞, (2.7)

wheretpp = r/cd , r2 = x2+ (h+y)2, and tanθ = x/(h+y). This path is of less interest with
regard to the asymptotic procedure. The situation fory > 0 is more complicated for the second
Cagniard path (2.6),ζ (S)(x, y, t), and the path is found numerically, or for eitherh � x or
y � x via a perturbation analysis (the details are given in Section 2.2). From the formulation
of a quartic algebraic equation, the full details are given in Williams [5], or via a Newton–
Raphson algorithm, the Cagniard pathζ (S)(t) is found numerically as the root of Equation
(2.6) with positive real part. Using symmetry properties of the integrand it is sufficient to only
consider the path in the fourth quadrant and this is given by taking the branch ofζ (S)(t) with
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Figure 3. Three typical Cagniard paths forζ (S)(t). (a) x/h = 40, y/h = 1. (b) x/h = 40, y/h = 0. (c)
x/h = 400,y/h = 10. Note the sharp bend in(c)

the positive square root. Wheny = 0 the integration path is already given explicitly by (2.7)
wherer2 = x2 + h2 and tanθ = x/h.

In each case the Cagniard path, in the lower half plane, cuts the negative imaginary axis
between 0 and−1. For particular choices ofx/h andy/h the path departs from the axis very
close to−i; this can be seen in Figure 3 and in the next section in Figures 8 and 11. In Figure
3 a typical path forh � x is shown and is labelled(c), this is distinctly different to the other
two paths. In this limit the path approaches the branch point at−i and tightens around the
branch cuts along the negative imaginary axis. In particular the path has a dramatic bend away
from the axis near the saddle point that would exist at−ik sinθ in the caseh = 0; in this case
it is associated with the direct reflected shear arrival. Thus in the general case the situation is
similar to that wheny = 0, except that we usually have to find both the path andtps (= tcritical)
numerically.

The exact solution for the vertical displacement iny > 0, written as a function oft , is
simply

uHy (x, y, t) = −
1

2πcd
H(t − tpp)Re

(
s(ζ (P ))

S(ζ (P ))

dζ (P )(t)

dt

)

+ 2

πcd
H(t − tps)Re

(
ζ (S)

2
(2ζ (S)

2 + k2)

S(ζ (S))

dζ (S)(t)

dt

)
, (2.8)

wheretpp and tps (= r/cd wheny = 0) correspond to the arrival of thePP andPS waves
respectively andζ (P )(t), ζ (S)(t) are the paths described above.

The wavefront arrivals are shown forπcduHy (x, y, t) versust in Figure 4 for typical values
of x, y, andh. The ratiosx/h andy/h determine the shape of the response; we have avoided
rescaling each figure byh for convenience. The material parameters, Briggs [19], are taken to
be typical of sandstone-water configuration;cd andcs are 2920 m/s and 1840 m/s respectively,
andco is 1480 m/s, the solid and fluid densities are 2440 kg/m3 and 1000 kg/m3 respectively.
Also shown on these figures are asymptotic representations for the dominant responses; the
expressions are not given here, but are found following Williams [5]. The lines denoted bytpp,
tps, tl, andtsch are the arrival times associated with thePP , PS, leaky Rayleigh, and Schölte
waves respectively. The non-geometricS? arrival is denoted by an arrival timets?.
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In Figure 4 the compressional wave in the solid arrives first att = tpp, and this is shortly
followed by the shear wave att = tps . The shape of these arrivals is brought about in each
case by the branch points or poles that lie close to the path. The Schölte wave generates a
distinctive response that dominates the leaky wave that precedes it; nevertheless the leaky
wave has a definite shape that here persists, away from a light fluid loading limit. The piece of
the Cagniard path that gives the contribution leading to the compressional wavefront arrival is
often close to a zero of the Schölte complement functions(ζ ). The importance of the zeros of
this function are that the sign of the singularity associated with this response may change, this
phenomenon is not illustrated.

Figure 4. A plot of πcdu
H
y (x, y, t) versust for material parameters typical of sandstone/water;x = 40, y = 4,

h = 0·01. The asymptotic results are the dashed lines.

An additional shear response, that isS?, is visible for smallh, see the discussion of Section
2.2. This response is shown in detail in Figure 5, together with an asymptotic representation.

2.2. THE SOURCE CLOSE TO THE INTERFACE

In this section we investigate directly the signals associated with non-geometric arrivals. These
arrivals only give large responses when the source is close to the interface, that is, whenh is
small. Ash increases their effect is diminished. We have already observed that in the limit
h/x → 0 the Cagniard path is distinctly different to the typical path, see Figure 3(a, b) and
(c). This motivates us to examine the Cagniard path, and we crucially identify theS? arrival
with the sharp bend in the path in the limith/x→ 0; in Figure 3(c). The physical significance
of the bend in the path has also been observed by Hron and Mikhailenko [6].

In the limiting caseh = 0, corresponding to the source on the interface, the path,ζ (S)(t),
consists of a piece running directly along the branch cuts fromζ (S) = −i to ζ (S) = −ik sinθ
together with a hyperbolic path; in these formulae,x = r sinθ, y = r cosθ . The pointζ (S) =
−ik sinθ , where the path leaves the imaginary axis, is the saddle point in a steepest descents
analysis and gives wavefronts travelling with wavespeedcs due to a shear wave,S, generated
within the solid. This is shown in Figure 2. Whenh� x the path runs from−iζps very close
to the branch cuts before turning away dramatically at approximatelyζ (S) ∼ −ik sinθ . This
point generates the distinctive responseS? in the solid whent ∼ r/cs = ts?. The Cagniard-de
Hoop technique identifies this response; it is useful to analyse the structure of the response by
constructing an asymptotic representation.
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As an alternative to finding the Cagniard path numerically we find a useful asymptotic
representation for the path, whenh is small, by perturbing away from theh = 0 path. That is,
we consider the path

ζ (S)p (t) = ζh0(t)+ hζh1(t) (2.9)

whereζh0(t) is simply the solution tocd t = (ζ 2
h0+ k2)1/2y + iζh0x. This is found explicitly as

ζh0(t) =


−i
cd t

r
sinθ + ik

(
1−

(
cst

r

)2
)1/2

cosθ when th0 6 t <
r

cs
,

−i
cd t

r
sinθ + k

((
cst

r

)2

− 1

)1/2

cosθ when
r

cs
6 t <∞,

(2.10)

whereth0 = (x + y(k2 − 1)1/2)/cd . In this formular2 = x2 + y2 and tanθ = x/y. Utilising
the path (2.9) in the transcendental Equation (2.6), the perturbation termζh1(t) is found to be

ζh1(t) = −ζh0(ζ
2
h0+ 1)1/2

(
cd t − k2y

(ζ 2
h0+ k2)1/2

)−1

, (2.11)

but crucially the denominator in expression (2.11) is zero at dt (ζh0)/dζh0 = 0 and this occurs
whenζh0 = −ik sinθ at arrival timets?. It follows that the representation (2.9) is only valid
outside some close interval ofts?. It is an unfortunate consequence of perturbing away from the
explicit zero path that the perturbed path we find is invalid for|t − ts?| < tε = O(h/cd). This
non-uniformity is because the part of the zero path that sharply departs from the imaginary
axis leads to a large change in (2.11). The exact path found numerically contains a smoothing
term of order ih.

In addition, we may construct a similar expression for the derivative of the path via a direct
differentiation of equation (2.9) or expanding an expression for the path in the derivative of
the path (2.6); this is a vital part of the explicit solution

dζ (S)p

dt
∼ dζh0

dt
− h

(
cd t − k2y(ζ 2

h0 + k2+ ζ 2
h0+ 1)(ζ 2

h0+ k2)−3/2
)

c2
d(ζ

2
h0+ 1)1/2

(
dζh0

dt

)3

, (2.12)

where

dζh0

dt
= cdζh0

(
cd t − k2y

(ζ 2
h0+ k2)1/2

)−1

. (2.13)

There is some interest in near surface responses, that is, when the receiver depthy is also
small. We construct an asymptotic representation for the Cagniard path wheny is small by
following the approach described above, and now perturbing away from the explicity = 0
path. Once again, we considerζ (S)p (t) = ζy0(t)+ yζy1(t) where the perturbationζy1(t) is

ζy1(t) = −ζy0(ζ
2
y0+ k2)1/2

(
cdt − y

(ζ 2
y0+ 1)1/2

)−1

. (2.14)
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The smooth behaviour of they = 0 path, see Figure 3(b), avoids any difficulty close tots? . In
Figure 6 we show an approximation to theS? arrival in the restricted caseh� y � x.

From the discussion above we see that whenh � x the response associated with theS?

wave atts? ∼ r/cs begins to emerge. The displacement in the neighbourhood ofts? is then
given as

uHy (x, y, t) ∼ −
1

2πcd
Re

(
s(ζ (P ))

S(ζ (P ))

dζ (P )(t)

dt

)

+ 2

πcd
Re

(
ζ 2(2ζ 2 + k2)

S(ζ )

∣∣∣
ζ=−ik sinθ

dζ (S)p (t)

dt

)
, (2.15)

whereζ (P )(t) andζ (S)p (t) are given by Equations (2.7) and (2.9, 2.10, 2.11) respectively.

Figure 5. The exact and asymptotic expressions forπcdu
H
y (x, y, t) versust in the region nearts? in Figure 4;

x = 40,y = 4, h = 0·01. Material parameters are sandstone/water.

In Figure 5 we compare the exact and asymptotic solutions for the normal displacement.
The basic features of theS? arrival have been preserved. The position and shape of the
response is well predicted before and afterts?. The asymptotic representation for the dis-
placement when we are in the close neighbourhood of the interface so thath � y � x is
shown in Figure 6. Now the shape of the response is well matched almost everywhere. There
can, however, be a reasonable difference in the size and position of the exact and approximate
responses. This is principally due to the interference of nearby wavefronts.

As we increasey the wavefronts move closer, particularly in this rock-water case, none-
theless the asymptotics are still accurate. The leaky Rayleigh response may be masked and
interfere with the non-geometric shear arrival that dominates.

The arrival time of thePS wave,tps , is the first arrival and is typically found numerically.
Often it is a useful characteristic and we determine its approximate form, whenh � x, be
seeking a solution to dt (ζps)/dζps = 0 in the formζps = −i + iζ εps whereζ εps � 1. Thus we
find that

cd tps ∼ x + y(k2− 1)1/2+ h2

(
x − y

(k2− 1)1/2

)−1

. (2.16)

Forh/x � 1 this provides the small curvature correction from the straight head wave wave-
front found whenh = 0. The head waves are confined to the region defined bycst 6 r 6
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Figure 6. The exact and asymptotic expressions forπcdu
H
y (x, y, t) versust in the region nearts? in the case

h� y � x; x = 40,y = 0·1, h = 0·0008. Material parameters are aluminium/water.

cd t (sinθ + (k2 − 1)1/2 cosθ)−1 and sin−1 cs/cd 6 θ 6 π/2. In these formulaex = r cosθ ,
y = r sinθ .

3. A compressional source beneath a thin high velocity layer

The previous section described the tunnelling effects in dissimilar material half spaces due to
either material mismatch, or wave coupling at the interface. Another example of tunnelling
occurs when a thin, high velocity layer lies embedded within a slow surrounding material. For
illustrative purposes we first consider a source above a fluid layer, see for instance Mellman
and Helmberger [7], Drijkoningen and Chapman [8], and use generalised ray theory to identify
the explicit solution for the wavefronts transmitted through the layer. We then move on to treat
the more relevant elastic problem. The tunnelling response is the perturbation caused to the
cylindrical wavefront that would, in the absence of the layer, be seen. Instead of a sharp,
singular, wavefront some smoothing that is dependent upon the layer thickness occurs, and
we aim to find this dependence.

It turns out that under certain conditions on the source depth and layer thickness only
one generalised ray contributes to the tunnelling response. We may then analyse this path
in a similar manner to the previous section. This avoids having to consider the complete
generalised ray expansion and we are able to neatly pick out the non-geometric response.
Importantly, we are able to identify these conditions and further make a prediction when a
second ray becomes important.

When we proceed to treat the more complicated elastic analogue, that is, a compres-
sional source and an elastic layer between two elastic half spaces, and look at the transmit-
ted compressional wavefront, a similar simplification can be employed thus avoiding rather
complicated sums of rays.

3.1. A FLUID LAYER

As a brief illustrative example of the generalised theory and our perturbation scheme on the
leading generalised ray we first treat the equivalent fluid problem, that is, the shear ray path
is absent from the schematic in Figure 7. The fluid is again assumed to be compressible, and
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Figure 7. The geometry of a typical configuration considered in the text. The layer occupies 0< y < h and the
semi-infinite spacey > h contains a source at depthd. The paths of the generalised rays are shown to illustrate
the tunnelling response; the lettersP andS denote the wave type and the transmission coefficients are included at
the interfaces.

has densityρ1 and wavespeedc1, apart from the layer in 0< y < h, that has densityρ2 and
wavespeedc2 (c2 > c1). The governing equations follow those outlined in Section 2 and the
equivalent source equation is given following Equation (2.1).

We employ the method of generalised rays, see for instance Pao and Gajewski [20], to
derive the solution. In essence the multiply reflected and refracted waves in the solution are
represented by a series of ray integrals. Each integral is then evaluated exactly using the
Cagniard-de Hoop method and the exact solution is then found up to the arrival of the next
ray.

In the fluid fory < 0 the Laplace transform of the normal displacement is

uy(x, y, p) = 1

2π

∫ ∞
−∞

1

2c2
pF(p)TPP (ζ )T

PP (ζ )

×
∞∑
m=0

(
RPP (ζ )R

PP (ζ )
)m

e−pZm(ζ)dζ (3.1)

whereZm(ζ ) = (γ1(ζ )(d−h−y)+(2m+1)γ2(ζ )h+iζx)/c2. The reflection and transmission
coefficients, which are usually given as functions of angle of incidence, Ewinget al. [21], are
expressed in terms ofζ in Appendix A. The ratios of the transmitted and reflected waves to
the incident waves are denoted by the lettersT andR respectively. We have introduced the
rescalingξ = pζ/c2 for convenience. In this formulaρ is defined to be the ratioρ2/ρ1 and
F(p) is the Laplace transform ofF(t) given by (1.2). The functionsγ1(ζ ), γ2(ζ ) that appear
are defined as(ζ 2+ k2)1/2, (k = c2/c1) and(ζ 2+ 1)1/2 respectively.

To calculate the exact solution utilising the Cagniard-de Hoop method, a Cagniard path for
each of the generalised rays is determined by settingZm(ζ ) = t , that is

c2t = γ1(ζm)(d − y − h)+ (2m+ 1)γ2(ζm)h+ iζmx (3.2)

so thatζm(t) is the root of this equation typically found numerically. In Figure 8 typical
Cagniard paths are shown. The path departs from the negative imaginary axis at−iζm, between
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0 and−i at timetm. Using (3.2)tm, the arrival time of the direct geometrical wave, is determ-
ined by the condition dt (ζm)/dζm = 0. This corresponds to a combined contribution of a
geometric and a head wave type arrival. The other, and more important, feature of the path is
the bend; this is the part of the path that we are interested in since it gives us the tunnelling
ray.

First consider the behaviour of the first path (m= 0). This path runs close to the imaginary
axis before sharply bending away near−ik sinθ at t ∼ r/c1 = tp? (x = r sinθ , d − y =
r sinθ). This sharp bend has been observed by Drijkoningen [9]. The change in the shape of
the path typically becomes less pronounced ash is increased, and in particular, the bend is
less prominent. Whenh = 0 the Cagniard paths are all equivalent. Otherwise the paths are
separate, however whenh is verysmall, several paths now have a significant bend. The bend
in each of these paths now contribute to the tunnelling signal, and our analysis then requires
modification.

Figure 8. Typical Cagniard pathsζm(t), for values ofm = 0, 4 as labelled.

A useful asymptotic representation for the path whenh is small is found following the
scheme described in Section 2.2, that is, by perturbing away from theh = 0 path. We consider
ζm,p(t) = ζh0(t) + hζm,h1(t) whereζh0(t) is for all values ofm simply the solution toc2t =
(ζ 2
h0+ k2)1/2(d − y)+ iζh0x. Now the perturbationζm,h1(t) is

ζm,h1(t) = ζh0((ζ
2
h0+ k2)1/2− (2m+ 1)(ζ 2

h0+ 1)1/2)

(
c2t − k2(d − y)

(ζ 2
h0+ k2)1/2

)−1

. (3.3)

This approximation to the path is identical to the path found numerically outside some small
interval of tp? as discussed in Section 2.2. Indeed, Equation (3.3) performs well for greater
values ofh, and is not exclusive to the first path (m = 0).

In addition we determine an approximate form fortm be seeking a solution to (3.2) of the
form ζm = −i + iζ εm whereζ εm � 1;

c2tm = x + (d − y − h)(k2− 1)1/2+ (2m+ 1)2h2

(
x − (d − y − h)

(k2− 1)1/2

)−1

. (3.4)

The following numerical results are calculated for the loadingF(t) = H(t). Other load-
ings may be incorporated as described in Section 2. In Figure 9 the exact responseπc2u

H
y
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(x, y, t)/2ρ is plotted againstt for c2/c1 = 2 andρ2/ρ1 = 1.4, together with an asymptotic
representation for the tunnelling wave and the first solution (m = 0). The total (added) solution
is described by the summed response in the figures, and is taken for values ofm up tom = 24.
There are a succession of square root singularities associated with the geometrical wave;
the singularities appear very close together in the figures shown. In the added response the
different rays interfere. The head wave arrivals are altered when we include many multiples.
The shape of the first response has almost completely disappeared, see for instance Mellman
and Helmberger [7], where similar behaviour is discussed. The waves that have been multiply
reflected in the layer interfere with the size of the tunnelling wave and can cause a reasonable
offset, however, the shape of the arrival is not very different from the response due to the
tunnelling only once. This direct tunnelling signal is completely captured by the first path in
this case. We identify a wavefront expansion for the tunnelling signal in a similar manner to
Equation (2.15) in Section 2.2.

Figure 9. A plot of πc2u
H
y (x, y, t)/2ρ versust in y < 0; x = 40, y = −4, h = 0·004,d = 2. (a) Summed

response up tom = 24. (b) Exact responsem = 0. (c) Approximationm = 0.

The displacement in the neighbourhood oftp? is given as

uHy (x, y, t) =
2ρ

πc2
Re

(
γ1(ζ )γ2(ζ )

(γ2(ζ )+ ργ2(ζ ))2

∣∣∣
ζ=−ik sinθ

dζ0,p(t)

dt

)
. (3.5)

The last term can be written in a more explicit form using (3.3). In Figure 10 we compare
the exact response with the approximate response. The basic features of the tunnelling signal
have been preserved, and both the shape and size of the leading solution are well matched.
The multiply reflected arrivals can cause a considerable size difference to exist between the
exact and approximate solutions. Nonetheless the direct tunnelling wave, a key feature in the
wave field, is itself well predicted. In other cases whenh becomes very small, we need a
second generalised ray to fully capture the wavefront that has tunnelled through the layer, and
then expect to represent this wavefront by a sum of expressions like (3.5), involvingζm,p for
m = 0,1, . . .
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Figure 10. The exact and asymptotic expressions forπc2u
H
y (x, y, t)/2ρ versust in the region neartp? in Figure

9. (a) Summed response up tom = 24. (b) Exact responsem = 0. (c) Approximationm = 0.

3.2. AN ELASTIC LAYER

We now proceed to treat the more relevant elastic layer problem. As shown in Section 3.1
the generalised ray theory yields the exact solution to the model problem up to the arrival of
the next ray. Moreover, this approach directly constructs the ray integrals, thus avoiding any
laborious matrix determination, see for instance the discussion in Kennett [22]. This enables
us to pick out the main features associated with the leading arrivals directly with a minimum
of work.

Now consider a line compressional source aty = d beneath an elastic layer, thicknessh;
the geometry is shown in Figure 7. The elastic material has densityρ1 and compressional and
shear wavespeedscd1 andcs1, apart from the layer in 0< y < h, that has densityρ2 and
wavespeedscd2, cs2; we assume thatcd2 > cd1 > cs2 > cs1. The governing equations follow
those outlined in Section 2 and the equivalent source equation is given following Equation
(2.1).

We now proceed to derive the solution. At each of the interfacesy = 0 andy = h we
have to satisfy four continuity conditions: the continuity of the stressesσyy and σxy, and
the continuity of the displacementsux anduy . Instead of determining the coefficients from
a system of eight simultaneous equations and then constructing the ray integrals we prefer
to employ the method of generalised rays, see for instance Pao and Gajewski [20] and the
discussion of Section 3.1.

We have already observed, when treating the fluid layer, that the shape of the wavefronts
in the summed solution closely resembles the response given only by the leading generalised
ray. The equivalent physical approximation leads us to consider only the transmitted waves
in the layer; the multiply reflected and refracted waves are omitted. The compressional part
of the transmitted wave in the layer is obtained by superimposing all transmittedP waves,
together with the source function

uy(x, y, p) = − 1

2π

∫ ∞
−∞

1

2cd2
pF(p)

×(TPP T PPepγs2h/cd2 + TPST SPepγd2h/cd2)e−p((γd2+γs2)h+γd1(d−h−y)+iζx)/cd2dζ. (3.6)
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The reflection and transmission coefficients in this formula are expressed in terms ofζ in
Appendix A together with a brief description of the notation. In addition the functionsγd2,
γs2, γd1, andγs1 that appear are defined. We have introduced the following wavespeed ratios
kd2 = 1, ks2 = cd2/cs2, kd1 = cd2/cd1, andks1 = cd2/cs1.

A generalised ray path has been constructed to connect the source and receiver for each
transmitted waves, see Figure 7. The path describes the vertical distance travelled by each
mode of waves in each layer, the total horizontal distance, and the direction of propagation.
The two Cagniard paths in this case are now found by identifying the ray paths witht , that is,
setting

cd2t = γd1(ζ1)(d − h− y)+ γd2(ζ1)h+ iζ1x, (3.7)

cd2t = γd1(ζ2)(d − h− y)+ γs2(ζ2)h+ iζ2x. (3.8)

The subscripts 1 and 2 onζ have been introduced to describe the first and second paths. Note
that whenh = 0 the two paths are equivalent. Both Cagniard pathsζ1(t) andζ2(t) are again
found numerically and are shown in Figure 11. As we have already observed the paths have
two main features. First the path leaves the negative axis. For the first path this occurs at−iζp
(0 < ζp < 1), the second path has a piece lying along the negative axis from−i to −iζs
(1 < ζs < kd1). In both cases the intersection occurs at dt (ζ )/dζ = 0 and this corresponds
to the direct geometrical arrival. The branch point at−i causes a head wave in the second
path. The second and more interesting feature is the sharp bend in the path, that we have
previously identified with the non-geometric and tunnelling signals; the two paths bend away
at approximately−ikd1 sinθ and−iks2 sinθ .

Figure 11. The Cagniard pathsζ1(t) andζ2(t) for x/h = 200 and(d − y)/h = 2.

The exact solution for the direct transmitted compressional part of the normal displace-
ment iny < 0 may now be extracted utilising the Cagniard method; it is not included here.
Moreover, we may employ our perturbation scheme to find a further asymptotic representation
for the ζ1 path whenh is small. Thusζ1,p(t) = ζh0(t) + hζ1,h1(t), whereζh0(t) is again the
explicit zero path and the perturbationζ1,h1(t) is

ζ1,h1(t) = ζh0
(
(ζ 2
h0+ k2

d1)
1/2− (ζ 2

h0+ 1)1/2
)(
cd2t − k2

d1(d − y)
(ζ 2
h0+ k2

d1)
1/2

)−1

, (3.9)
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Theζ2 path is well predicted by the zero path sincetsp is close totp? = r/cd1, and leaves the
imaginary axis atζsp − δ for someδ � 1; the second bend in the path occurs neart = r/cs2.

In Figure 12 the leading compressional response 2πcd2u
H
y is plotted againstt . To demon-

strate the tunnelling signal, the material parameters of aluminium and copper, typical of a fast
and slow material are utilised. The density of copper is 8933 kg/m3 with compressional and
shear wavespeeds 4759 m/s and 2325 m/s respectively, and aluminium density is 2700 kg/m3

with compressional and shear wavespeeds 6374 m/s and 3111 m/s respectively. The material
parameters are taken from Briggs [19] and Bradfield [23].

Figure 12. The exact and asymptotic expressions for 2πcd2u
H
y (x, y, t) versust in the region neartp? = r/cd1

andtsp. (a) Tunnelling wave.(b) Direct compressional wavesp.

In the figure the geometric wave,SP generated by the shear wave in the layer arrives at
tsp. Immediately prior to this arrival is the sharp non-geometrical wavefront that we identify
asP ?, the cylindrical wave in the caseh = 0. The asymptotic expression performs well
and correctly matches the position and shape of the tunnelling signal. This is particularly
useful, since other asymptotic approaches are awkward to evaluate, particularly close to a
direct geometric arrival.

4. Conclusion

Tunnelling rays in dissimilar and layered materials are ideally suited to analysis via the
Cagniard-de Hoop method, and we examine two canonical problems. In each case an asymp-
totic representation of the Cagniard path is found, thus explicit and highly accurate solutions
whenh/x → 0 are obtained. This perturbation approach of generating Cagniard paths by-
passes any numerical work, and should be useful in the asymptotic study of a range of related
problems.

In each case we approximate the exact response and obtain simple expressions for the
tunnelling signal. A particularly useful aspect is that the approximation to the tunnelling signal
does not rely on an explicit expression for the contour.

In the example of a thin high velocity layer we have obtained the tunnelling ray using
generalised ray theory.

The results presented here will be valuable in formulating more realistic fluid-solid inter-
action problems. The treatment may be routinely extended to examine the equivalent three



Path perturbations and nongeometric wave arrivals271

dimensional problems as well as to dipping structures, see for instance Hong and Helmberger
[24], Paoet al.[25]. Since one is freed from the numerical calculation of many Cagniard paths,
one can consider more complicated scenarios and further extensions may be to examine fluid-
layered elastic, anisotropic media and model problems involving cracks beneath interfaces
and multiple reflections.

Appendix A. Reflection and transmission coefficients

The relevant reflection and transmission coefficients required in Section 3.1 are

TPP (ζ ) = 2γ1(ζ )

(γ2(ζ )+ ργ1(ζ ))
, T PP (ζ ) = 2ργ2(ζ )

(γ2(ζ )+ ργ1(ζ ))
,

RPP (ζ ) = RPP (ζ ) = γ2(ζ )− ργ1(ζ )

γ2(ζ )+ ργ1(ζ )
.

(A 1)

The subscripts 1 and 2 are used to denote the fluids iny < 0, y > h, and in 0< y < h. In these formulae
ρ = ρ2/ρ1 and the functionsγ1 andγ2 are defined as(ζ2+ k2)1/2 (k = c2/c1) and(ζ2+ 1)1/2.

The relevant reflection and transmission coefficients required in Section 3.2 are

TPP = γd1(ξ
2− γ 2

s1)
(
µ(γs1ζ

2+ γs1γ 2
s2− 2γs2ζ

2)+ (γs2ζ2 + γs2γ 2
s1− 2γs1ζ

2)
)
1,

T PP = µγd2(ξ
2− γ 2

s2)
(
µ(γs1ζ

2+ γs1γ 2
s2− 2γs2ζ

2)+ (γs2ζ2+ γs2γ 2
s1− 2γs1ζ

2)
)
1,

TPS = iζγd1(ξ
2− γ 2

s )
(
−µ(ζ2+ γ 2

s2− 2γs1γd2)+ (ζ2+ γ 2
s1− 2γs1γd2)

)
1,

T SP = iµζγs2(ξ
2− γ 2

s )
(
−µ(ζ2 + γ 2

s2− 2γs1γd2)+ (ζ2+ γ 2
s1− 2γs1γd2)

)
1,

(A 2)

where

1 = 2 (δ1 + δ2+ δ3+ δ4)−1 ,

δ1 = (ζ2− γd2γs2)R1(ζ ), δ2 = µ2(ζ2− γd1γs1)R2(ζ ),

δ3 = −2µζ2(ζ2+ γ 2
s2− 2γd2γs2)(ζ

2+ γ 2
s1− 2γs1γd1),

δ4 = −µ(γd1γs2+ γd2γs1)(ζ
2− γ 2

s1)(ζ
2− γ 2

s2).

(A 3)

The subscripts 2 and 1 are used to denote the elastic material in 0< y < h and iny < 0, y > h respectively. In
these formulaeµ = µ2/µ1 and the functionsγd2, γs2, γd1, andγs1 are defined asγq2 = (ζ2 + k2

q2)
1/2, with

q = d, s, andγq1 = (ζ2+ k2
q1)

1/2, with q = d, s; kd2 = 1, ks2 = cd2/cs2, kd1 = cd2/cd1, andks1 = cd2/cs1.

The ratios for the transmitted waves to the incident wave aty = h are labelled by the subscriptsTPP , TPS
(P wave transmits asP or S wave), and the transmitted waves aty = 0 are labelled by the superscriptsT PP ,

T SP (transmittedP or S wave transmits asP wave). In addition the ratios for the reflected waves in the layer

are denoted byR where superscripts,PP , and subscripts,PP , again relate to the upper and lower interfaces

respectively.
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